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EINSTEIN EQUATION AT SINGULARITIES 

CRISTI STOICA 

Abstract. Einstein's equation is rewritten in an equivalent form, which remains valid at the sin- 
gularities in some major cases. These cases include the Schwarzschild singularity, the Friedmann- 
Lemaitre-Robertson- Walker Big Bang singularity, isotropic singularities, and a class of warped 
product singularities. This equation is constructed in terms of the Ricci part of the Riemann 
curvature (as the Kulkarni-Nomizu product between Einstein's equation and the metric tensor). 
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Introduction 



The singularities in General Relativity cannot be avoided. Einstein's equation leads to them 

in very general conditions [H [21 O HI O [6], and there the time evolution breaks down. Is this 
CN ■ a problem of the theory itself, or of the way we formulate it? This paper proposes a version of 

cn ! Einstein's equation which is equivalent to the standard version at the points of the spacetime 

C^ ■ where the metric is not singular. But unlike Einstein's equation, in many cases it can be extended 

at and beyond the singular points. 

The expanded Einstein equations, and the quasi-regular spacetimes on which they hold, are 

introduced in section ^ They are obtained simply by taking the Kulkarni-Nomizu product 
/\ , between Einstein's equation and the metric tensor. In a quasi-regular spacetime, the metric 

tensor becomes degenerate at singularities, in a way which cancels them and makes the equations 

smooth. 

The situations when the new version of Einstein's equation extends at singularities include 

isotropic singularities (section ^2.ip . and a class of warped product singularities (section ^2.2p . 

It also contains the Schwarzschild singularity (section ^2.4p and the FLRW Big Bang singularity 

(section g23]). 

1. Expanded Einstein equation and quasi-regular spacetimes 

1.1. The expanded Einstein equation. We will write an equation which is equivalent to 
Einstein's equation whenever the metric tensor gab is non-degenerate, but is valid also in a class 
of situations when gat becomes degenerate and Einstein's tensor is not defined. Later we will see 
that our version of Einstein's equation remains smooth in various important situations, such as 
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the FLRW Big-Bang singularity, isotropic singularities, and at the singularity of the Schwarzschild 
black hole. 

The Einstein equation is 

(1) Gab+ ^9ab = uTab 

where Tab is the stress-energy tensor of the matter, the constant k is defined as k := — -r—, where 

Q and c are the gravitational constant and the speed of light, and A is the cosmological constant. 
The term 

(2) Gab '■= Rab — l^Rdab, 

is the Einstein tensor, constructed from the Ricci curvature Rab '■= g^^Rasbt and the scalar cur- 
vature R := g^^Rst- 

We introduce the expanded Einstein equation 

(3) {G o g)abcd + Ma ° a)abcd = k{T o g)abcd 

where the operation 

(4) {h o k)abcd ■= hachd - Kdhc + hdkac " hckad 

is the Kulkarni-Nomizu product of two symmetric bilinear forms h and k. 

If the metric is non-degenerate, the Einstein equation and its expanded version are equivalent. 
If the metric becomes degenerate, it's inverse becomes singular, and in general the Riemann, 
Ricci, and scalar curvatures, and consequently the Einstein tensor Gab^ blow up. But for some 
cases, the metric term from the Kulkarni-Nomizu product Gog tends to enough to cancel the 
blow up of the Einstein tensor. 

This cancellation allows us to weaken the condition that the metric tensor is non-degenerate, 
to some cases when it can be degenerate. We will see that these cases include some important 
singularities. 

1.2. A more explicit form of the expanded Einstein equation. To give a more explicit 
form of the expanded Einstein equation, we use the Ricci decomposition of the Riemann curvature 
tensor (see e.g. 0181 [9]). 

Let (M, g) be a Riemannian or a semi-Riemannian manifold of dimension n. The Riemann 
curvature tensor can be decomposed algebraically as 

(5) Rabcd = Sabcd + Eabcd + Cabcd- 

where 

(6) Sabcd = —, 7T-R(5 ° g)abcd 

n{n — 1) 
is the scalar part of the Riemann curvature, and 

(7) Eabcd = T^i^ ° g)abcd 

n — 1 
is the semi-traceless part of the Riemann curvature. Here 

(8) Sab ■= Rab Rgab 

n 
is the traceless part of the Ricci curvature. 

The Weyl curvature tensor is defined as the traceless part of the Riemann curvature 

(9) Cabcd = Rabcd — Sabcd — Eabcd- 



Let's return to a spacetime of dimension n = 4. By using the equations ([2]) and ([8]) we can write 
the Einstein tensor in terms of the traceless part of the Ricci tensor and the scalar curvature: 

(10) Gab = Sab - jRgab- 

We can use this equation to calculate the expanded Einstein tensor: 

Gabcd '■= {G o g)abcd 

(11) = {S o g) abed - jR{9 O g) abed 

= "^Eabed ~ ^Sabed- 

The expanded Einstein equation takes now the form 

(12) 2Eabcd - ^Sabed + Hd ° 9)abcd = k{T o g)abed- 

1.3. Quasi-regular spacetimes. We are interested in spacetimes on which the expanded Ein- 
stein equation ([H]) can be written and is smooth. From (|12|) we see that this requires the smooth- 
ness of the tensors Eabed and Sabed- 

In addition, we are interested to have the nice properties of the semi-regular spacetimes. As 
showed in [lOj, the semi-regular manifolds are a class of singular semi-Riemannian manifolds 
which are nice for several reasons. First, they allow contraction between covariant indices for 
an important class of tensors and differential forms. This is in general prohibited by the fact 
that when the metric tensor gab becomes degenerate, it doesn't admit a reciprocal g . This also 
prohibits in general the construction of a Levi-Civita connection. On semi-regular manifolds, 
this can be done for differential forms, and covariant tensors in general. For vector fields we use 
instead of VxY, the Koszul form, defined as: 

K : X{Mf -^ R, 

(13) IC{X, Y, Z) := ^{X{Y, Z) + Y{Z, X) - Z{X, Y) - {X, [Y, Z]) + {Y, [Z, X]) + {Z, [X, Y])} 

which defines the Levi-Civita connection implicitly by (VxY, Z) = IC{X, Y, Z) for a non-degener- 
ate metric, but not when the metric becomes degenerate. 

In [ini we define the Riemann curvature Rabed even for non-degenerate metrics, in a way which 
avoids the undefined V xY ■, but relies on the defined and smooth K.{X,Y,Z). To do this, we 
require that we can define the covariant derivative of the differential 1-form /C(X, y, _), and that 
this is smooth. This requirement is equivalent to the requirements that fC{X, Y, W) = whenever 
W becomes degenerate (i.e. {W, X) = for any X), and that the contraction JC{X, Y,,)1C{Z, T, ,) 
is smooth for any local vector fields X, Y, Z, T. A singular semi-Riemannian manifold satisfying 
this condition is named semi-regular manifold, and its metric is called semi-regular metric. A 4- 
dimensional semi-regular manifold with metric having the signature at each point (r,s,t), s < 3, 
t < 1, but which is non-degenerate on a dense subset, is called sem,i-regular spacetime [TO]. The 
Riemann curvature Rabed is smooth , since it can then be defined as 

(14) Rabed = dabbed — dbT acd + ^ae.^bd. — ^be.^ad, 

where Tabc = ^{da-, db, de) are the Christoffel's symbols of the first kind. 

In a semi-regular spacetime, since Rabed is smooth, the densitized Einstein tensor Gab det g is 
smooth [10], and we can write a densitized version of the Einstein equation, which is equivalent 
to the usual version when the metric is non-degenerate: 

(15) GabV-9 + ^gabV-9 = KTabV-9 , 



where the weight W <2. Although the semi-regular approach is more general, we explored here 
the quasi-regular one, which is more strict. Consequently, these results are stronger. 

Definition 1.1. We say that a semi-regular manifold {M,gab) is quasi-regular, and that gab is a 
quasi-regular metric, if: 

(1) gab is non-degenerate on a subset dense in M 

(2) the tensors Sabcd and Eabcd defined at the points where the metric is non-degenerate extend 
smoothly to the entire manifold M. 

If the quasi-regular manifold M is a semi-regular spacetime, we call it quasi-regular spacetime. 

Remark 1.2. We can see immediately that on an quasi-regular spacetime the expanded Einstein 
tensor can be extended also at the points where the metric is degenerate, and the extension is 
smooth. This is in fact the motivation of Definition 11.11 

Remark 1.3. The expanded Einstein equation ([3]) does not necessarily rely on the semi-regularity 
of the metric. But in the definition of quasi-regular manifolds we preferred to assume the semi- 
regularity, because it comes with other good properties, such as the smoothness of Rabcd- 

2. Examples of quasi-regular spacetimes 

Remark 2.1. The quasi-regular spacetimes are more general than the regular ones (with non- 
degenerate metric). The question is, are they general enough to cover the singularities which 
plagued General Relativity? In the following we will see that, at least for some relevant cases, the 
answer is positive. 

2.1. Isotropic singularities. Isotropic singularities occur in conformal rescalings of non-de- 
generate metrics, when the scaling function cancels. They were extensively studied by Tod 
[m [la [la O la 16], Claudel & Newman [T7], Anguige & Tod [Ml [l9]. The following the- 
orem shows that the isotropic singularities are quasi-regular. 

Theorem 2.2 (Isotropic singularities). Let {M,gab) be a regular spacetime (we assume therefore 
that the metric gab is non-degenerate). Then, if fi : M — )• M is a smooth function, which is 
non-zero on a dense subset of M, the spacetime {M,gab '■= ^"^Oab) is quasi-regular. 

Proof. We know from [lO] that (M, gab) is semi-regular. 

The Ricci and the scalar curvatures take the following forms ([6], p. 42.): 

(16) R\ = ^-^R\ + 2n-\n-%sg''' - ln-\n%t9''s''b 

(17) R = n-'^R-Qn'^n.stg'* 

where the covariant derivatives correspond to the metric g. From equation ()16p we have 

(18) Rab = n^gasR'b = Rab + 2f^(S^-');ab " ^n^^n^tg^'gab, 

which tends to infinity when fi — t- 0. But we are interested to prove the smoothness of the 
Kulkarni-Nomizu product Ric o g. We notice that the term g contributes with a factor Q^ , and it 
is enough to prove the smoothness of: 

(19) ^^Rab = ^^Rab + 2n^{n-^).ab " ^{n%t9''9ab, 



which fohows easily from 

(20) = J]3 (20-30.fch.a - fl-2jl.„f,) 



2n.an.b - nn 



ab 



Hence, the tensor Ric o 51 is smooth. The fact that Rg o g \s smooth follows from the observation 
that Ij o'g contributes with fi^, and the least power in which il appears in the expression ()17p of 
R is -3. 

From the above follows that Eabcd ^-nd Sabcd are smooth. Hence the spacetime {M,gab) is quasi- 
regular. D 

2.2. Quasi-regular warped products. Another example useful in cosmology is the following, 
which is a generalization of the warped products (see e.g. PU], p. 204). We will allow the warped 
function / to become (generalizing the standard definition, where it is not allowed, because 
leads to degenerate metrics). 

Definition 2.3. Let {B,ds'^) and {F,ds'jp) be two semi-Riemannian manifolds, and / : S — t- M 
a smooth function on B. The degenerate warped product of B and F with warping function f is 
the manifold B x f F := (^B x F, ds'^^.p), with the metric 

(21) dsl^p = dsl + fdsl 

Theorem 2.4 (Quasi-regular warped product). A degenerate warped product B Xf F with 
dimi? = 1 and dimF = 3 is quasi-regular. 

Proof. From ^2lj we know that B Xf F is semi-regular. 

Let's denote by gB, gp and g the metrics on B, F and B Xf F. We know ([20], p. 211) that, 
for horizontal vector fields X,Y e £{B x F,B) and vertical vector fields V,W G 2,{B x F,F), 

(1) Ric(X,y) = RicBiX,Y) + ^^H^{X,Y) 

(2) Ric(A:, V) = 

(3) Ric(y, W) = RicFiV, W) + (/A/ + (dimF - l)<7i3(grad /, grad f)) griV, W) 

where A/ is the Laplacian, H^ the Hessian, and grad / the gradient. It follows that Ric(X, V) 
and Ric(y, M/^) are smooth, but Ric(X, y) in general is not, because of the term containing f~^. 
But since we take dimi? = 1, the only terms in the Kulkarni-Nomizu product Ric o g containing 
Ric(X, Y) are of the form 

mc{X, Y)g{V,W) = f^mc{X,Y)gF{V,W). 

Hence, Ric o g is smooth. 

From the expression of the scalar curvature 

(22) R = Rb + -pr + 2dimF—— + dimF{dim.F - 1) -5 

f^ J r 

we conclude that Sabcd is smooth too. Hence, B xj F is quasi-regular. D 

The following example important in cosmology is a direct application of this result. 



2.3. The Priedmann-Lemaitre-Robertson- Walker spacetime. The Friedmann-Lemaitre- 
Robertson- Walker (FLRW) spacetime is defined as the warped product / x^ S, where 

(1) /CM is an interval representing the time, which is viewed as a semi-Riemannian space 
with the negative definite metric —c^dt^. 

(2) (S, dS^) is a three-dimensional Riemannian space, usually one of the homogeneous spaces 
S^, M^, and H^ (to model the homogeneity and isotropy conditions at large scale). Then 
the metric on S is, in spherical coordinates (r, 0,(/>), 

(23) dS2 = -^^ + r2 (d9^ + sin2 Mc/.') , 

1 — kr-^ 

where k = 1,0,-1, for the 3-sphere S^, the Euclidean space M'^, or hyperbolic space H^ 
respectively. 

(3) a : / — )• M is a function of time. 

The FLRW metric is 

(24) ds^ = -c^dt^ + a2(t)dS2. 

At any moment of time t £ I the space is St = (S, a^(t)(7s)- 

For a FLRW universe filled with a fluid with mass density p(t) and pressure density p{t), the 
stress-energy tensor is defined as 

(25) r'^^= (/5+^)nV+p5"^ 

where g{u,u) = —(?. 

From Einstein's equation with the stress-energy tensor ()25p follow the Friedmann equation 

(26) p = .-(3^^-A 
which gives the mass density p{t) in terms of a(t), and the acceleration equation 

pv) 4 = 4(T-4-)-f. 

c^ Kc^ \ 3 C^aj 6 

giving the pressure density p{t). 

As a — )• 0, the metric becomes degenerate, p and p blow up, and therefore the stress-energy 
tensor (p5]) blows up too. What can we say about the expanded stress-energy tensor (T o g)abc(P- 
The following corollary states that it is smooth. 



Corollary 2.5. The FLRW spacetime, with smooth a : / — )■ M, is quasi-regular. 

Proof. This is a direct consequence of Theorem 12.41 D 

Remark 2.6. The Corrolary 12.51 applies to any FLRW universe, not only those filled with a 
fluid. For this particular case, we gave a direct proof in (22j . showing explicitly how the expected 
inflnities of the physical flelds cancel out. 

2.4. Schwarzschild black hole. The Schwarzschild solution describing a black hole of mass m 
is given, in the Schwarzschild coordinates, by the metric tensor: 

(28) ds2 = -(i-'^\ dt2 +(l-'^\ ' dr' + r^da\ 

where 

(29) da^ = dO'^ + sin^ 



is the metric of the unit sphere 5^. The units were chosen so that c = 1 and G = 1 (see e.g. [6], 
p. 149). 

In [23] we showed that the Schwarzschild solution can be made analytic at the singularity, by 
a coordinate transformation of the form 

As it turns out, 
(31) 



r = T^ 



is the only choice which makes analytic at the singularity not only the metric, but also the 
Riemann curvature Rabcd- In the new coordinates, the metric has the form 

(32) ds^ = ^^dr2 + (2m - t^)t^ {A^dr + rd^^ + T^da\ 

2m — T^ 

Corollary 2.7. The Schwarzschild spacetime is quasi-regular (in any atlas compatible with the 
coordinates (I3T])'). 



Proof. We know from |23j that the Schwarzschild spacetime is semi-regular. Since it is also Ricci 
flat, it follows that Sabcd and Eabcd are smooth too. D 

Open Problem 2.8. What can we say about the other stationary black hole solutions? In |24] 
and [25] we showed that there are coordinate transformations which make the Reissner-Nordstrom 
metric and the Kerr-Newman metric analytic at the singularity. This is already a big step, because 
it allows us to foliate with Cauchy hypersurfaces these spacetimes. Is it possible to find coordinate 
transformations which make them quasi-regular too? 

3. Open Question 

We conclude with the following open question: 

Open Problem 3.1. Are quasi-regular spacetimes general enough to cover all possible singular- 
ities of General Relativity? 
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